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Pauli-Fierz approach to description of a massless spin-2 particle is investigated
in the framework of 30-component first order relativistic wave equation theory on
a curved space-time background. It is shown that additional gauge symmetry of
massless equations established by Pauli-Fierz can be extended only to curved space-
time regions where Ricci tensor vanishes. In all such space-time models the generally
covariant S=2 massless wave equation exhibits gauge symmetry property, otherwise
it is not so.
1 Introduction
The theory of the massive spin-2 field has received much attention over the years since the
initial construction of Lagrangian formulation by Fierz and Pauli [1-2]. The original Fierz-Pauli
theory for spin was second order in derivatives ∂α (and involved scalar and tensor auxiliary
fields). It is highly satisfactory as long as we restrict ourselves to a free particle case. However
this approach turned out not to be so good at considering spin-2 theory in presence of an
external electromagnetic field. Federbush [3] showed that to avoid a loss of constrains problem
the minimal coupling had to be supplemented by a direct non-minimal to the electromagnetic
field strength. There followed a number of works on modification or generalizations of the
Fierz-Pauli theory (Rivers [4], Nath [5], Bhargava and Watanabe [6], Tait [7], Reilly [8]). At
the same time interest in general high-spin fields was generated by the discovery of the now
well-known inconsistency problems of Johnson and Sudarshan [9] and Velo and Zwanzinger [10].
In the course of investigating their acausality problems for other then 3/2, Velo-Zwanzinger
rediscovered the spin-2 loss of constrains problem, but were not at first aware of the non-minimal
term solution of it. Velo [11] later made a thorough analysis of the external field problem for
the ’correct’ non-minimally coupled spin-2 theory, showing that it is acausal too.
All the work mentioned above dealt with a second-order formalism for the spin-2 theory.
Much of the confusion which arose over this theory could be traced to the so-called ”derivative
ordering ambiguity (Naglal [12]). This problem can be avoided by working from the start with
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a first-order formalism (for example see Gel’fand et al [13]) and for which the minimal coupling
procedure is unambiguous..
The work by Fedorov [14] was likely to be the first one where consistent investigation of
the spin-2 theory in the framework of first-order theory was carried out in detail. The 30-
component wave equation [14] referred to the so-called canonical basis, transition from which to
the more familiar tensor formulation is possible but laborious task and it was not done in [14].
Subsequently the same 30-component theory was rediscovered and fundamentally elaborated in
tensor-based approach by a number of authors (Regge [15], Schwinger [16], Chang [17], Hagen
[18], Mathews et al [19], Cox [20]). Also a matrix formalism for the spin-2 theory was developed
(Fedorod, Bogush, Krylov, Kisel [21-25]).
Concurrently else one theory for spin-2 particle was advanced that requires 50 field compo-
nents (Adler [26], Deser et al [27], Fedorov and Krylov [28, 23], Cox [20.]). It appears to be
more complicated, however some evident correlation between the corresponding massless theory
and the non-linear gravitational equation is revealed (Fedorov [28]).
Possible connections between two variants of spin-2 theories have been investigated. Seem-
ingly, the most clarity was achieved by Bogush and Kisel [25], who showed that 50-component
equation in presence of an external electromagnetic field can be reduced to 30-component equa-
tion with additional interaction that must be interpreted as anomalous magnetic momentum
term.
In the present work the 30-component first order theory is investigated in the case of vanishing
mass of the particle and external curved space-time background.
2 Particle in the flat space-time
A system of first order wave equations describing a massless spin-2 particle in a flat space-time
has the form
∂aΦa = 0 , (1)
1
2
∂aΦ−
1
3
∂bΦab = Φa, (2)
1
2
(∂kΦkab + ∂
kΦkba −
1
2
gab∂
kΦ nkn ) + ∂aΦb + ∂bΦa −
1
2
gab∂
kΦk = 0, (3)
∂aΦbc − ∂bΦac +
1
3
(gbc∂
kΦak − gac∂
kΦbk) = Φabc . (4)
A 30-component wave function consists of a scalar Φ, vector Φa, symmetric 2-rank tensor Φab,
and 3-rank tensor Φabc antisymmetric in two first indices. From (4) it follows four conditions
that are satisfied by the 3-index field:
Φabc +Φbca +Φcab = 0 or ǫ
kabcΦabc = 0. (5)
Simplifying Eq. (4) in indices b and c, one produces
∂aΦ
b
b = Φ
c
ac . (6)
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Thus, a total number of independent components entering the theory equals 31 (instead of 30
in massive case):
Φ(x) =⇒ 1, Φa =⇒ 4, Φab =⇒ 10,
Φabc =⇒ 6× 4− 4− 4 = 16.
After excluding fields Φa and Φkab from (1-4) one gets to a pair of second order equations
on fields Φ(x) and Φab(x)
1:
1
2
∇2Φ−
1
3
∂k∂lΦkl = 0, (7)
(∂a∂b −
1
4
gab∇
2)Φ −
1
4
gab∇
2Φcc +∇
2Φab − ∂a∂
lΦbl − ∂b∂
lΦal +
1
2
gab∂
k∂lΦkl = 0. (8)
Allowing for (7), Eq. (8) can be rewritten as
(∂a∂b +
1
2
gab∇
2)Φ−
1
4
gab∇
2Φcc +∇
2Φab − ∂a∂
lΦbl − ∂b∂
lΦal = 0. (9)
The fact of prime significance in the theory under consideration is that these equations
permit specific gauge principle 2. That means the following: the above second order system (9)
is satisfied by a a substitution (class of trivial or gradient-like solution)
Φ(0) = ∂lΛl,Φ
(0)
ab = ∂aΛb + ∂bΛa −
1
2
gab∂
lΛl, (10)
at any 4-vector function Λa(x). Indeed,
−
1
3
∂a∂bΦ
(0)
ab = −
1
2
∇2∂lΛl = −
1
2
∇2Φ(0), (11)
and therefore the set (10) turns Eq. (7) into identity. Further, taking into account
1
2
(∂kΦkab + ∂
kΦkba −
1
2
gab∂
kΦ nkn ) = +
1
3
∂l∂l(∂bΛa + ∂aΛb)−
2
3
∂a∂b∂
lΛl,
∂aΦb + ∂bΦa −
1
2
gab∂
kΦk = −
1
3
∂l∂l(∂bΛa + ∂aΛb) +
2
3
∂a∂b ∂
lΛl,
one can verify that the set (10) satisfies Eq. (8) as well.
So, a massless spin-2 field in Minkowski space-time can be described by the first order system,
or by the second order system (Pauli-Fierz [1-2]). At this their solutions are not determined
uniquely; in general, to any chosen one we may add an arbitrary Λa -dependent term.
3 Particle in curved space-time
With the use of principle of minimal coupling to a curved space-time background (external
gravitational field), expected generally covariant equations for a spin-2 particle are to be taken
1 The notation ∇2 = ∂a∂a is used.
2The fact was firstly established by Pauli and Fierz [1-2] .
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in the form
∇αΦα = 0, (12)
1
2
∇αΦ−
1
3
∇βΦαβ = Φα, (13)
1
2
(
∇ρΦραβ +∇
ρΦρβα −
1
2
gαβ(x)∇
ρΦ σρσ
)
+
(
∇αΦβ +∇βΦα −
1
2
gαβ(x)∇
ρΦρ
)
= 0, (14)
∇αΦβσ −∇βΦασ +
1
3
(gβσ(x)∇
ρΦαρ − gασ(x)∇
ρΦβρ) = Φαβσ. (15)
Here ∇α designates a generally covariant derivative. As in the flat space-time, the system
exhibits the property
∇α Φ
β
β = Φ
β
αβ . (16)
Now we are to investigate the question of possible gauge symmetry of the system. To this
end we will try to satisfy these equations by a substitution
Φ(0) = ∇βΛβ,
Φ
(0)
αβ = ∇αΛβ +∇βΛα −
1
2
gαβ(x)∇
σΛσ, (17)
where Λ(x) is an arbitrary 4-vector function. With the use of Eq. (13), a vector field corre-
sponding to the set (17) takes the form
Φ(0)α =
2
3
∇α∇
βΛβ −
1
3
∇β∇αΛβ −
1
3
(∇β∇β)Λα. (18)
After substitution it into Eq. (12) one produces
0 =
2
3
(∇α∇α)∇
βΛβ −
1
3
∇α∇β∇αΛβ −
1
3
∇β(∇α∇α)Λβ . (19)
Employing conventionally the Riemann and Ricci tensors
(∇β∇α −∇α∇β)Λρ = RβαρσΛ
σ, R
β
βα...σ = Rασ,
the second term in (19) can be rewritten as
−
1
3
∇α∇β∇αΛ
β = −
1
3
∇α(∇α∇βΛ
β +RαβΛ
β),
with the use of which Eq. (19) will take the form
0 =
1
3
[∇α∇α,∇
β]
−
Λβ −
1
3
∇α(RαβΛ
β). (20)
The latter, with the commutator
[∇α∇α,∇
β ]
−
Λβ = −∇
α(RασΛ
σ), (21)
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will read as
0 = −
2
3
∇α(RαβΛ
β). (22)
This equation means: if Rαβ 6= 0, the present spin-2 particle equations do not have any trivial
λa-based solution. In other terms, a gauge principle in accordance with Einstein gravitational
equations the equality Rαβ 6= 0 speaks that at those x
α-points any material fields vanish.
However, in (Rαβ = 0) -region the wave equation under consideration includes such λα-based
solutions and correspondingly a gauge principle. Now, analogously, we should consider Eq. (14):
what will we have had on substituting Λα-set into it. We must exclude all auxiliary fields from
Eq. (14):
1
2
(∇ρΦ
(0)
ραβ +∇
ρΦ
(0)
ρβα −
1
2
gαβ(x)∇
ρΦ(0) σρσ )
+∇αΦ
(0)
β +∇βΦ
(0)
α −
1
2
gαβ(x)∇
ρΦ(0)ρ = 0, (23)
Let us step by step calculate all terms entering Eq. (23). For first (1) term we have that
(1)
def
==
1
2
∇ρΦ
(0)
ραβ =
1
2
(∇ρ∇ρ)(∇αΛβ)
+
1
2
(∇ρ∇ρ)(∇βΛα)−
1
4
gαβ(∇
ρ∇ρ)(∇
γΛγ)
−
1
2
(∇ρ∇ρ)∇αΛβ −
1
2
∇ρ[∇α,∇ρ]−Λβ
−
1
2
∇α∇β(∇
ρΛρ)−
1
2
[∇ρ,∇α∇β]−Λρ
+
1
4
(∇β∇α)(∇
γΛγ) +
1
6
gαβ(∇
ρ∇ρ)(∇
σΛσ)
+
1
6
gαβ∇
ρ[∇σ,∇ρ]−Λσ +
1
6
gαβ(∇
σ∇σ)(∇
ρΛρ)
+
1
6
gαβ [∇
ρ,∇σ∇σ]−Λρ −
1
12
gαβ(∇
ρ∇ρ)(∇
γΛγ)
−
1
6
∇β∇α(∇
σΛσ)−
1
6
∇β[∇
σ,∇α]−Λσ
−
1
6
(∇σ∇σ)∇βΛα −
1
6
[∇β,∇
σ∇σ]−Λα +
1
12
∇β∇α(∇
γΛγ).
Second term in Eq. (23) can be produced on straightforward symmetry considerations from
Eq. (23). Third term in Eq. (23) turns out to vanish
(3)
def
== −
1
4
gαβ∇
ρΦ(0) γργ = −
1
2
gαβ∇
ρ∇ρΦ
(0)β
β
= −
1
4
gαβ∇
ρ∇ρ (∇βΛ
β +∇βΛ
β −
1
2
δ
β
β ∇
γΛγ) = 0.
For fourth and fifth terms we will have
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(4)
def
== ∇α Φ
(0)
β =
1
2
∇α∇β ∇
γΛγ −
1
3
∇α∇β(∇
ρ Λρ)
−
1
3
∇α[∇
ρ,∇β]−Λρ −
1
3
(∇ρ ∇ρ) ∇αΛβ
−
1
3
[∇α,∇
ρ ∇ρ]−Λβ +
1
6
∇α∇β ∇
γΛγ ,
(5)
def
== ∇β Φ
(0)
α =
1
2
∇β∇α ∇
γΛγ
−
1
3
∇β∇α(∇
ρ Λρ)−
1
3
∇β[∇
ρ,∇α]−Λρ −
1
3
(∇ρ ∇ρ) ∇βΛα
−
1
3
[∇β,∇
ρ ∇ρ]−Λα +
1
6
∇β∇α ∇
γΛγ ;
and term (6) is
(6)
def
== −
1
2
gαβ∇
ρΦ(0)ρ −
1
2
gαβ∇
ρΦ(0)ρ
= −
1
4
gαβ(∇
ρ∇ρ)(∇
γΛγ) +
1
6
gαβ(∇
ρ∇ρ)(∇
σΛσ)
+
1
6
gαβ∇
ρ[∇σ, ∇ρ]−Λσ +
1
6
gαβ(∇
σ ∇σ)(∇
ρΛρ)
+
1
6
gαβ [∇
ρ,∇σ∇σ]−Λρ −
1
12
gαβ(∇
ρ∇ρ)(∇
γΛγ).
Summing up all six expressions and taking into account similar terms (factors at all terms
without commutators turn out to be equal zero as should be expected):
0 = (∇ρ∇ρ) (∇αΛβ)
[(1
2
−
1
2
)
+
(1
2
−
1
6
)
−
1
3
]
+(∇ρ∇ρ)(∇βΛα)
[(1
2
−
1
6
)
+
(1
2
−
1
2
)
−
1
3
]
+gαβ(∇
ρ∇ρ)(∇
γΛγ)
[(
−
1
4
+
1
6
+
1
6
−
1
12
)
+
(
−
1
4
+
1
6
+
1
6
−
1
12
)]
+∇α∇β (∇
ρΛρ)
[(
−
1
2
+
1
4
−
1
6
+
1
12
) +
(
−
1
2
+
1
4
−
1
6
+
1
12
)
+
(1
2
−
1
3
+
1
6
)
+
(1
2
−
1
3
+
1
6
)]
+
{
−
1
2
∇ρ[∇α,∇ρ]−Λβ −
1
2
[∇ρ,∇α∇β]−Λρ
6
+
1
6
gαβ∇
ρ[∇σ,∇ρ]−Λσ +
1
6
gαβ [∇
ρ,∇σ∇σ]−Λρ −
−
1
6
∇β[∇
σ,∇α]−Λσ −
1
6
[∇β,∇
σ∇σ]−Λα
}
+
{
−
1
2
∇ρ[∇β,∇ρ]−Λα −
1
2
[∇ρ,∇β∇α]−Λρ
+
1
6
gβα∇
ρ[∇σ,∇ρ]−Λσ +
1
6
gβα[∇
ρ,∇σ∇σ]−Λρ
−
1
6
∇α[∇
σ,∇β]−Λσ −
1
6
[∇α,∇
σ∇σ]−Λβ
}
+
+
{
−
1
3
∇α[∇
ρ,∇β]−Λρ −
1
3
[∇α,∇
ρ∇ρ]−Λβ
}
+
{
−
1
3
∇β[∇
ρ,∇α]−Λρ −
1
3
[∇β,∇
ρ∇ρ]−Λα
}
+
1
6
gαβ(∇
ρ[∇σ,∇ρ]−Λσ + [∇
ρ,∇σ∇σ]−Λρ)}.
Calculating in series all commutators, after simple calculation we will produce
0 = gαβ ∇ρ (R
ρσ Λσ) + Λ
σ
[
∇ρR
ρ
αβσ + ∇ρR
ρ
βασ
]
+ (∇ρΛσ)
[
R
ρ σ
αβ + R
ρ σ
βα
]
− Λρ
[
∇αRβρ +∇βRαρ
]
−
3
2
[
R
ρ
β (∇αΛρ) + R
ρ
α (∇βΛρ)
]
+
1
2
[
R
ρ
β(∇ρΛα) +R
ρ
α (∇ρΛβ)
]
. (24)
It must be noticed that contrary to the expectations the equation obtained contains explicitly
the curvature Riemann tensor. It enters into Eq. (24) in two combinations:
Λσ (∇ρR
ρ
αβσ + ∇ρR
ρ
βασ), (∇ρΛσ) [R
ρ σ
αβ + R
ρ σ
βα ] . (25)
The curvature tensor in combination (25) can be readily escaped. To this end, it suffices for
the Bianchi identity
∇γR
ρ
α βσ +∇σR
ρ
α γβ +∇βR
ρ
α σγ = 0, ∇ρR
ρ
α βσ +∇σRβα −∇βRασ = 0 .
Thus,
∇ρR
ρ
α βσ +∇ρR
ρ
βασ = (∇αRβσ + ∇βRασ) − 2∇σRβα . (26)
With Eq. (26), Eq. (24) takes the form
0 = gαβ ∇ρ (R
ρσ Λσ) − 2Λ
σ∇σRαβ + (∇ρΛσ) [ R
ρ σ
αβ +R
ρ σ
βα ]
−
3
2
[R ρβ (∇αΛρ) +R
ρ
α (∇βΛρ)] +
1
2
[ R ρβ (∇ρΛα) + R
ρ
α (∇ρΛβ) ] . (27)
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However, the curvature tensor still remains to enter Eq. (27). And this means that in regions
involving curvature the above massless spin-2 equation does not allow any gauge principle.
Now we will show that in order to overcome such a difficulty the above starting equations
should be slightly altered. To this end, let us add special term (a not minimal gravitational
interaction term) into Eq. (14):
1
2
(
∇ρΦραβ +∇
ρΦρβα −
1
2
gαβ(x)∇
ρΦ σρσ
)
+
(
∇αΦβ +∇βΦα −
1
2
gαβ(x)∇
ρΦρ
)
= A[Rρ σαβ +R
ρ σ
βα ]Φρσ. (28)
Let us show that at special parameter A the theory of massless spin-2 particle can be done
satisfactory in the sense of the above gauge principle. Indeed,
AR
ρ σ
αβ Φ
(0)
ρσ = AR
ρ σ
αβ
(
∇ρΛσ +∇σΛρ −
1
2
gρσ∇
γΛγ
)
= A
[
R
ρ σ
αβ ∇ρΛσ +R
ρ σ
βα ∇ρΛσ +
1
2
Rαβ∇
γΛγ
]
and therefore a contribution of that additional term into (27) is equal to
A[Rρ σαβ +R
ρ σ
βα ]Φ
(0)
ρσ = 2A[R
ρ σ
αβ +R
ρ σ
βα ](∇ρΛσ) +ARαβ (∇
γΛγ)]. (29)
So, instead of Eq. (27) we have
2A(∇ρΛσ)[R
ρ σ
αβ +R
ρ σ
βα ] +ARαβ(∇
γΛγ)
= gαβ∇ρ(R
ρσΛσ)− 2Λ
σ∇σRαβ + (∇ρΛσ)[R
ρ σ
αβ +R
ρ σ
βα ]
−
3
2
[R ρβ (∇αΛρ) +R
ρ
α (∇βΛρ)] +
1
2
[R ρβ (∇ρΛα) +R
ρ
α (∇ρΛβ)]. (30)
Setting A = 12 , both terms with curvature tensor will be cancelled by each other:
1
2
Rαβ(∇
γΛγ) = gαβ∇ρ(R
ρσΛσ)− 2Λ
σ∇σRαβ
−
3
2
[R ρβ (∇αΛρ) +R
ρ
α (∇βΛρ)] +
1
2
[R ρβ (∇ρΛα) +R
ρ
α (∇ρΛβ)]. (31)
Finally the obtained relationship does not contain the curvature tensor and will turn into
identity at Rαβ(x) = 0 which was required. So, the required system is which one changes
Eq. (14) by
1
2
(
∇ρΦραβ +∇
ρΦρβα −
1
2
gαβ(x)∇
ρΦ σρσ
)
+
(
∇αΦβ +∇βΦα −
1
2
gαβ(x)∇
ρΦρ
)
=
1
2
(Rρ σαβ +R
ρ σ
βα )Φρσ. (32)
8
References
[1] W. Pauli, M. Fierz. Helv. Phys. Acta. 12, 297-300 (1939).
[2] V. Fierz, W. Pauli. Proc. Roy. Soc. London. A 173, 211-232 (1939).
[3] P. Federbush P. Nuovo Cimento. 19, 572 (1961).
[4] R.J. Rivers. Nuovo Cimento. 34, 386 (1964).
[5] L.M. Nath. Nucl. Phys. 68, 600 (1965).
[6] S.C. Bhargava, H. Watanabe. Nucl. Phys. 87, 273 (1966).
[7] W. Tait. Phys. Rev. D. 12, 3272 (1972).
[8] J.F. Reilly. Nucl. Phys. B. 70, 356 (1974).
[9] K. Johnson, E.C.G. Sudarshan. Ann. Phys. NY. 85, 126 (1961).
[10] G. Velo, D. Zwanzinger. Phys. Rev. A186, 1337 (1969).
[11] G. Velo. Nucl. Phys. B43, 389 (1972).
[12] A.K. Nagpal. Lett. Nuovo Cimento. 8, 353 (1973).
[13] I.M. Gelfand, A.M. Yaglom. JETF. 1948, 703-733 (1948).
[14] F.I. Fedorov. Uchenye zapiski BGU. Ser. phys.-mat. 12, 156-173 (1951)
[15] T. Regge. Nuovo Cimento. 5, 325 (1957).
[16] S. Schwinger. Phys. Rev. 130, 800 (1963).
[17] S.J. Chang. Phys. Rev. 148, 1259 (1966).
[18] C.R. Hagen. Phys. Rew. D 6, 984 (1972).
[19] P.M Mattews et al. J. Math. Phys. 21, 1495 (1980).
[20] W. Cox. J. Phys. A.: Math. Gen. 15, 253- 268 (1982).
[21] B.V. Krylov, F.I. Fedorov. Doklady AN BSSR. 11, 681-684 (1967).
[22] A.A. Bogush, B.V. Krylov. F.I. Fedorov. Vesti AN BSSR. Ser. phys.-mat. 1, 74-81 (1968).
[23] B.V. Krylov. Vesti AN BSSR. Ser. phys.-mat. 6, 82-89 (1972).
[24] V.V. Kisel. Vesti AN BSSR. Ser. phys.-mat. 5, 94-99 (1986).
[25] A.A. Bogush, V.V. Kisel. Izvestia Vuzov. Phys. 3, 11-16 (1988).
[26] D. Adler. Canad. J. Phys. 44, 289 (1966).
[27] S. Deser, J. Trubatch, S. Trubatch. Canad. J. Phys. 44, 1715 (1966).
[28] F.I. Fedorov. Doklady AN SSSR. Math. Phys. 179, 802-805 (1968).
9
